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Gyrotropy and magneto-spatial dispersion effects at intersubband transitions in
quantum wells
L. E. Golub∗
Ioffe Physical-Technical Institute of the Russian Academy of Sciences, 194021 St. Petersburg, Russia
Gyrotropic properties of multiple quantum well structures are studied theoretically. Symmetry
analysis is performed yielding the gyrotropy tensor components for structures grown along [001],
[110] and [311] crystallographic directions. Angular dependences of circular dichroism and natural
optical activity signals are established. Phenomenological model and microscopic theory based on
spin-orbit splitting of size-quantized subbands are developed for photon energies close to the energy
of the intersubband optical transition. Magneto-spatial dispersion effects arising from the diamag-
netic shift of the intersubband energy gap linear in the electron momentum are also considered. It
is demonstrated that the spectral dependence of the gyrotropy and magneto-spatial dispersion con-
stants represents an asymmetrical peak with a degree of asymmetry governed by the mean electron
energy. The estimates show that the considered effects are detectable in experiments.
PACS numbers: 42.25.Bs, 41.20.Jb, 42.25.Ja, 71.20.Nr, 73.20.-r
1. Introduction. Gyrotropic systems are defined as
media with a spatial dispersion of the first order which is
described by a contribution to the dielectric permittivity
linear in the light wavevector q [1, 2]:
δελµ = iγλµνqν . (1)
Here γ(ω) is a third rank tensor antisymmetric with re-
spect to the first two indices. Manifestation of gyrotropy
in light transmission experiments are natural optical ac-
tivity (rotation of the plane of linear polarization) and
circular dichroism (helicity-dependent absorption). In
systems of C3v, C4v and C6v symmetry these effects are
forbidden, therefore such systems are called “weakly gy-
rotropic”. In these structures one can detect changes of
polarization state in measurements of light reflection.
Gyrotropy of bulk semiconductors has been studied in
tellurium under interband excitation [3, 4] and in weakly
gyrotropic A2B6 semiconductors of wurtzite type as CdS
near excitonic resonances [5]. A3B5 semiconductors hav-
ing Td point symmetry are non-gyrotropic. Gyrotropy in
bulk GaAs can be induced by application of deformation
lowering symmetry toD2d [6] or at a surface of a semicon-
ductor [7]. The situation is different for two-dimensional
semiconductors because all quantum well (QW) struc-
tures are gyrotropic. However, the gyrotropy of QWs
was probed only in photogalvanic experiments [8] while
all-optical study of this phenomenon is absent up to date.
Microscopically, gyrotropy of multiple QW structures
(MQWs) is caused by spin-orbit splitting of electron en-
ergy spectrum. The splitting is present due to asymme-
try of the heteropotential or absence of inversion cen-
ter in the bulk material. It is described by Rashba and
two-dimensional Dresselhaus contributions to the Hamil-
tonian of spin-orbit interaction given by k-linear terms
HˆSO(k) = βµν σˆµkν , (2)
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where k is a 2D electron wavevector and σˆµ are the Pauli
matrices. The gyrotropy tensor γ is related to the pseu-
dotensor β via
γλµν ∼ eλµρβρν ,
where e is the totally antisymmetric third-rank tensor.
Recently optical activity of noncentrosymmetric met-
als caused by spin-orbit interaction of such kind has been
studied theoretically [9] motivated by experimental re-
sults [10]. In metals the spin-orbit splitting exceeds far
the photon energy, and the effect is inversely proportional
to the spin-orbit spitting: γ ∼ 1/β [9]. In semiconduc-
tor MQWs the situation is opposite, and the correction to
the dielectric permittivity is linear in the small spin-orbit
splitting.
In the presence of a magnetic field B, the dielectric
permittivity acquires additional terms linear in both B
and q which describe magneto-spatial dispersion:
δε
(B)
λµ = AλµρνBρqν . (3)
Magneto-spatial dispersion is allowed in all non-
centrosymmetric media, therefore it is present in MQWs.
In bulk semiconductors this effect has been investigated
in both A2B6 and A3B5 materials [11, 12]. In MQW
structures, the magneto-spatial dispersion is caused by k-
linear diamagnetic shift of subband dispersions described
by the Hamiltonian
Hdia(k) = αµνBµkν . (4)
We consider photon energies close to the peak of inter-
subband absorption in MQWs.
2. Symmetry consideration. (001)-grown symmet-
rical QWs haveD2d symmetry with reflection planes per-
pendicular to the in-plane axes x ‖ [11¯0] and y ‖ [110].
The gyrotropic corrections to the dielectric tensor of
MQWs are described by one linearly independent con-
stant:
δεxz = iγqx, δεyz = −iγqy. (5)
2These terms result in circular dichroism: for light propa-
gating in the structure plane, the absorbance has a con-
tribution
η ∝ Imγ Pcirc
qxqy
q
, (6)
where Pcirc is the circular polarization degree of light.
The real part of γ determines the natural optical activity
signal. Both effects are maximal for light propagating
along an in-plane cubic axis.
Asymmetrical (001)-grown QWs have C2v symmetry
with the C2 axis parallel to the growth direction z. Gy-
rotropy in this case is described by two constants:
δεxz = iγqx, δεyz = −iγ
′qy. (7)
Change of light polarization in transmission experiments
is described by the sum of these constants:
η ∝ Im(γ + γ′)Pcirc
qxqy
q
,
while their difference describing weak gyrotropy can be
probed in reflection experiments.
Symmetrical (110)-grown MQWs have C2v symmetry
as well, but the C2 axis lies in the QW plane: C2 ‖ y,
where y ‖ [001]. Therefore the following corrections are
present:
δεxy = −iγ1qx, δεyz = −iγ2qz. (8)
Here z ‖ [110] is the growth direction, and x ‖ [1¯10]. In
transmission experiments on can measure the following
angular dependence:
η ∝ Im(γ1 + γ2)Pcirc
qxqz
q
. (9)
If the (110)-grown QW is asymmetric, then it belongs
to the class Cs with only one mirror reflection plane (yz).
In this case two additional gyrotropic contributions (7)
are allowed by symmetry.
(113)-grown QWs also have Cs symmetry therefore the
above relations (7), (8) are valid for them if one chooses
the axes as x ‖ [11¯0], y ‖ [332¯], z ‖ [113].
Magneto-spatial dispersion effects manifest themselves
as corrections to εzz:
δε(B)zz = AzzµνBµqν . (10)
Real and imaginary parts of Azzµν result in magnetic
field induced birefringence and B-dependent absorption,
respectively.
In (001) QWs of C2v symmetry the correction has the
form
δε(B)zz = A1Bxqy +A2Byqx. (11)
If the MQW structure is symmetric (D2d point group)
then A1 = A2.
For symmetrical (110) QWs we have
δε(B)zz = A3Bzqx +A4Bxqz. (12)
In (311) MQWs all four constants A1..4 are nonzero
and different from each other.
3. Microscopic model. If we ignore the photon
momentum (q = 0), the intersubband absorption is due
to direct optical transitions. Electron wavevectors in the
initial state in the ground subband (k) and in the final
state in the excited subband (k′) coincide: k′ = k. If we
also neglect spin-orbit splitting (βµν = 0), only photons
with energy ~ω = E21 can be absorbed. Here E21 is the
energy separation between the ground and the excited
subbands, and we assume parabolic energy dispersions
E1(k) = E2(k) = ~
2k2/(2m) with equal effective masses
in the subbands. Therefore the spectrum of intersubband
absorbance is a sharp peak centered at E21: η = η0(~ω−
E21), where η0(x) is a broadened δ-function.
Account for a final photon momentum makes the opti-
cal transitions indirect: k′ = k+q. Therefore the energy
conservation reads:
~ω = E21 +
~
2k · q
m
+
~
2q2
2m
. (13)
The presence of the second term here leads to Doppler
broadening of the absorption peak [13], and the third
term in Eq. (13) makes a shift of the peak to higher
energies. As a result, the absorbance takes the following
form:
η(~ω −E21) = η0 −
~
2q2
2m
[
∂
∂(~ω)
− E
∂2
∂(~ω)2
]
η0, (14)
where E is the mean kinetic energy. Hereafter we assume
filling of the ground subband only.
If we include the spin-orbit interaction (2), the energy
dispersions in the subbands of size quantizations become
splitted parabolas as it is shown in Fig. 1a,b. For (110)
and (311) QWs the term βzxσˆzkx is present in the spin-
orbit Hamiltonian (2), therefore the subbands for elec-
trons with spin projection ±1/2 onto the z axis are split-
ted. The selection rules for intersubband absorption of
light propagating along z direction yield higher transi-
tion rate from |−1/2〉z state in the ground subband to
the |+1/2〉z state in the excited subband for σ+ radi-
ation, while for left-handed polarization the transition
between two other states is more probable [14]. This is
illustrated in Fig. 1a. As a result, we have in the energy
conservation law (13) instead of the qx component
qx → qx ∓ nzkso. (15)
Here the upper and lower signs correspond to σ+ and σ−
polarizations, n = q/q is a unit vector in the light prop-
agation direction, and kso = (β
(1)
zx + β
(2)
zx )m/~2, where
β
(1,2)
zx are the corresponding spin-orbit constants for the
first and the second subbands.
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FIG. 1: Microscopic model of circular dichroism at intersubband transitions (a) in (110) and (311) QWs and (b) in (001) QWs.
(c): Model of B-dependent absorption.
For (001) QWs the term βyxσˆykx splits the states with
a definite spin projection onto the y axis. According to
the selection rules, “spin-conserving” transitions between
the states with the same spin projection are more prob-
able for light with n ‖ y as it is shown in Fig. 1b. There-
fore the replacement (15) again takes place, but with
kso = (β
(1)
yx − β
(2)
yx )m/~2 and with ny instead of nz.
Substituting (15) into the q2x-contribution in Eq. (14),
we obtain the circular dichroism of the intersubband ab-
sorption:
ησ+−ησ− ∝ ksoqxnz,y
[
∂
∂(~ω)
− E
∂2
∂(~ω)2
]
η0(~ω−E21),
(16)
where the factor nz should be taken for (110), (311) QWs,
and ny is for (001) QWs. Angular dependence of the
circular dichroism (16) coincides with Eqs. (6) and (9)
obtained from symmetry arguments.
In the presence of a magnetic field, the diamagnetic
interaction Eq. (4) results in spin-independent shift of
the second subband relative to the first one making the
energy separation k-dependent:
E21(k) = E21 + αµνBµkν . (17)
Therefore, similar to Eq. (15) we have
qx → qx + kdia,
where kdia = αµxBµm/~
2, Fig. 1c. For (110) and
(311) QWs αzx 6= 0 so that kdia ∝ Bz, while for
(001) QWs αyx 6= 0 and kdia ∝ By. As a result, we
obtain the contribution to the absorbance
∆η(B) ∝ qxBz,y
[
∂
∂(~ω)
− E
∂2
∂(~ω)2
]
η0(~ω − E21).
(18)
This expression corresponds to phenomenological
Eqs. (11) and (12).
4. Theory. Now we develop a rigorous expression
for gyrotropy and magneto-spatial dispersion constants
in MQW structures. Resonant contribution to the gy-
rotropy tensor has the form [3]
γλµν =
4πi
ω2d
lim
q→0
∂
∂qν
∑
k,s,l
jλ1s,2l j
µ
2l,1s fs(k)
E2l(k + q)− E1s(k)− ~ω − iΓ
.
(19)
Here d is a period of MQW structure, the indices s, l
enumerate eigenstates in the ground and the excited sub-
bands found with account for the spin-orbit interaction,
jˆ is the electric current operator, Γ is the halfwidth of the
absorption peak, and fs(k) = f0(E1s(k)), where f0(E)
is the Fermi-Dirac distribution function. In the basis of
these states
E1s(k) = Ek +H
(1)
ss (k), E2l(k) = E21 + Ek +H
(2)
ll (k),
where Hˆ(1,2)(k) are operators of the spin-orbit inter-
action (2) for the first and the second subbands, and
Ek = ~
2k2/(2m). In Eq. (19) we assume that the elec-
tric current operators for intersubband transitions are
independent of wavevector.
Expanding Eq. (19) to the linear order in the spin-orbit
interaction and performing summation over k we obtain
γλµν = −
i
2
Tr
[
Lˆ†λ
∂Hˆ(2)
∂kν
Lˆµ − Lˆµ
∂Hˆ(1)
∂kν
Lˆ†λ
]
F (ω). (20)
Here Lˆ is defined according to jˆ = Lˆevz, where vz =
−(i~/m)∂/∂z,
F (ω) =
[
∂
∂(~ω)
− E
∂2
∂(~ω)2
]
ǫ21(~ω), (21)
the resonant contribution to the dielectric permittivity is
given by
ǫ21(~ω) =
4πN
ω2d
e2|vz21|
2
E21 − ~ω − iΓ
, (22)
N is the 2D electron concentration, and the mean energy
is defined as E = 2
∑
kEkf0(Ek)/N .
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FIG. 2: Spectral dependences of gyrotropy and magneto-spatial dispersion constants for various mean electron energies E. The
intersubband absorption peak halfwidth is taken Γ = 0.1E21.
The operators Lˆλ for intersubband transitions have the
form [14]
Lˆ = (iΛσˆy ,−iΛσˆx, Iˆ). (23)
Here Iˆ is the 2× 2 unit matrix, and
Λ =
E21∆(2Eg +∆)
2Eg(Eg +∆)(3Eg + 2∆)
,
where Eg and ∆ are the energy gap and the spin-orbit
splitting of the valence band in the bulk semiconductor,
respectively.
For (001) QWs Eqs. (20) and (23) yield
γ = Λ(β(2)yx −β
(1)
yx )F (ω), γ
′ = Λ(β(2)xy −β
(1)
xy )F (ω), (24)
and for (110) and (311) QWs we obtain
γ1 = Λ
2(β(2)zx + β
(1)
zx )F (ω). (25)
The remained constant γ2 ≪ γ1 because the two-
dimensional electrons do not feel the normal component
of the photon momentum qz which is much smaller than
the inverse MQW structure period d−1.
Equation (19) is also valid for calculation of the value
−iAλµρνBρ. Taking into account the diamagnetic inter-
action Eq. (4), we obtain
Azzµν = αµν F (ω). (26)
For (001) QWs this leads to Eq. (11) with
A1 = αxy F (ω), A2 = αyx F (ω). (27)
For (110) and (311) QWs we obtain Eq. (12) where
A3 = αzx F (ω), (28)
and A4 ≪ A3.
5. Discussion. Equations (24), (25) and (27), (28)
demonstrate that the spectral dependence of the gy-
rotropy constants γ, γ′ and γ1 as well as of magneto-
spatial dispersion constants A1..3 is given by the function
F (ω), Eq. (21). However, γ and γ′ are determined by a
difference of corresponding spin-splitting constants in the
excited and ground subbands, while γ1 is proportional to
the sum β
(2)
zx + β
(1)
zx . All these findings agree with the
microscopic model, cf. Eqs. (21) and (16). The magneto-
spatial dispersion in all cases is given by αµν which de-
scribes the shift of the second subband dispersion rel-
ative to the first one. The dependences ImF (ω) and
ReF (ω) presented in Fig. 2 demonstrate sharp spectral
changes in the resonance region. The relation between
the mean energy E and the absorption peak halfwidth Γ
governs asymmetry of the resulting spectra of gyrotropy
and magneto-spatial dispersion constants.
Note that k-linear spin-dependent terms are also possi-
ble in the optical transition operators [15]. They yield an
additional contribution to the gyrotropy tensor with the
frequency dependence coinciding with ǫ21(~ω), Eq. (22).
In order to estimate a magnitude of the effect, we note
that in real systems Γ ∼ E ∼ 10 meV [14], therefore for
(001) MQWs we have
δε ∼ Λ
βq
Γ
ǫ21,
and for GaAs based QWs with βq ∼ 10−3 meV, Λ ∼
10−2, N = 1012 cm−2, ~ω ∼ E21 ∼ 100 meV, the exper-
imentally measured quantity δε d ωn/c ∼ 10−7N , where
N is a number of QWs in the MQW structure. In multi-
pass geometry this value may be increased by an order of
magnitude. Such signals can be detected in experiments.
The estimate for (110) and (311) QWs has an additional
small factor Λ which is partially compensated by a larger
spin-orbit splitting constant βzx. The situation is more
favourable in p-type structures where the selection rules
for circular polarization yield Λ ∼ 1. However, intersub-
band absorption peak is broadened in p-type QWs due
to complicated band structure of the valence band.
The magneto-spatial dispersion effects can be esti-
mated as
δε(B) ∼
αBq
Γ
ǫ21.
5The main contribution to the diamagnetic k-linear shift
in (001) QWs is given by αxy = −αyx = (z2 − z1)
e~
mc
,
where zn is the coordinate matrix element in the nth
subband. Estimation for z2 − z1 = 10 A˚, d = 100 A˚ and
B = 1 T yields δε(B)d ωn/c ∼ 10−5N .
6. Conclusion. In conclusion, we have studied gy-
rotropic and magneto-spatial properties of MQW struc-
tures showing up at intersubband optical transitions.
Phenomenological model and microscopic theory are de-
veloped for MQWs of various crystallographic orienta-
tion. Gyrotropy is shown to be caused by spin-orbit split-
ting of size-quantized subbands while magneto-spatial
dispersion arises from diamagnetic k-linear shift of the in-
tersubband energy gap. It is demonstrated that the spec-
tral dependence of the gyrotropy and magneto-spatial
dispersion constants represents an asymmetrical peak
with a degree of asymmetry governed by the mean elec-
tron energy. The estimates show that the considered ef-
fects are within the experimental sensitivity.
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